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REVERSED DICKSON POLYNOMIALS OF THE THIRD KIND
NERANGA FERNANDO
Abstract. Let p be a prime and q = pe. We discuss the properties of the
reversed Dickson polynomial Dn,2(1, x) of the third kind. We also give several
necessary conditions for the reversed Dickson polynomial of the third kind
Dn,2(1, x) to be a permutation of Fq. In particular, we give explicit evaluation
of the sum
∑
a∈Fq
Dn,2(1, a).
1. Introduction
Let p be a prime and q a power of p. Let Fq be the finite field with q elements. A
polynomial f ∈ Fq[x] is called a permutation polynomial (PP) of Fq if the mapping
x 7→ f(x) is a permutation of Fq. In the study of permutation polynomials over
finite fields, Dickson polynomials have played a pivotal role.
The n-th Dickson polynomial of the first kind Dn(x, a) is defined by
Dn(x, a) =
⌊n
2
⌋∑
i=0
n
n− i
(
n− i
i
)
(−a)ixn−2i,
where a ∈ Fq is a parameter.
The permutation property of the Dickson polynomials of the first kind is com-
pletely known. When a = 0, Dn(x, a) = x
n, which is a PP over Fq if and only
if (n, q − 1) = 1. When 0 6= a ∈ Fq, Dn(x, a) is a PP over Fq if and only if
(n, q2 − 1) = 1; see [6, Theorem 7.16] or [7, Theorem 3.2].
The n-th Dickson polynomial of the second kind En(x, a) is defined by
En(x, a) =
⌊n
2
⌋∑
i=0
(
n− i
i
)
(−a)ixn−2i,
where a ∈ Fq is a parameter.
The permutation behavior of the Dickson polynomials of the second kind has
been extensively studied by many authors. We refer the reader to [1] for more
details about the Dickson polynomials of the second kind.
Dickson polynomials are closely related to the well-known Chebyshev polynomi-
als over the complex numbers by
Dn(2x, 1) = 2Tn(x) and En(2x, 1) = Un(x),
where Tn(x) and Un(x) are Chebyshev polynonmials of degree n of the first kind
and the second kind, respectively.
The n-th reversed Dickson polynomial of the first kind Dn(a, x) was first intro-
duced by Hou, Mullen, Sellers and Yucas in [5] by reversing the roles of the variable
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and the parameter in the n-th Dickson polynomial of the first kind Dn(x, a). It
was shown that when a = 0, Dn(0, x) is a PP over Fq if and only if n = 2k with
(k, q − 1) = 1. Also, when a 6= 0,
Dn(a, x) = a
nDn(1,
x
a2
).
Hence Dn(a, x) is a PP on Fq if and only if Dn(1, x) is a PP on Fq.
In [3], Hou and Ly further studied the reversed Dickson polynomials of the
first kind Dn(1, x) and explained several necessary conditions for Dn(1, x) to be a
permutation of Fq.
Recently, Hong, Qin, and Zhao studied reversed Dickson polynomials of the
second kind in [2]. They presented several necessary conditions for the reversed
Dickson polynomial of the second kind En(1, x) to be a permutation of Fq.
In [8], Wang and Yucas introduced the n-th Dickson polynomial of the (k+1)-th
kind and the n-th reversed Dickson polynomial of the (k + 1)-th kind.
For a ∈ Fq, the n-th Dickson polynomial of the (k + 1)-th kind Dn,k(x, a) is
defined by
Dn,k(x, a) =
⌊n
2
⌋∑
i=0
n− ki
n− i
(
n− i
i
)
(−a)ixn−2i.
For a ∈ Fq, the n-th reversed Dickson polynomial of the (k+1)-th kindDn,k(a, x)
is defined by
(1.1) Dn,k(a, x) =
⌊n
2
⌋∑
i=0
n− ki
n− i
(
n− i
i
)
(−x)ian−2i.
Then clearly Dn,0(a, x) = Dn(a, x) and Dn,1(a, x) = En(a, x). In [8], they
defined
(1.2) D0,k(a, x) = 2− k.
They also showed that Dn,k(x, a) = kEn(x, a) − (k − 1)Dn(x, a). A simple
computation shows that the reversed Dickson polynomials agree with the above
equation as well, i.e.
(1.3) Dn,k(a, x) = kEn(a, x) − (k − 1)Dn(a, x).
In [8], Wang and Yucas completely described the permutation behavior of the
Dickson polynomials of the third kind Dn,2(x, a) over any prime field, but the
permutation property of Dn,2(x, a) over an arbitrary finite field is still an open
problem.
The purpose of the present paper is to explore the permutation behavior of the
reversed Dickson polynomials of the third kind. By (1.1), the n-th reversed Dickson
polynomial of the third kind Dn,2(a, x) is given by
(1.4) Dn,2(a, x) =
⌊n
2
⌋∑
i=0
n− 2i
n− i
(
n− i
i
)
(−x)ian−2i.
Throughout the paper, we denote the n-th reversed Dickson polynomial of the
third kind Dn,2(a, x) by Fn(a, x). Here is an overview of the paper.
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In Section 2, we present several properties of the reversed Dickson polynomials
of the third kind. In section 3, we survey some miscellaneous necessary condi-
tions for Fn(a, x) to be a permutation of Fq. In section 4, we compute the sum∑
a∈Fq
Fn(1, a).
2. Reversed Dickson polynomials of the third kind
We study the properties of reversed Dickson polynomials of the third kind in
this section.
Lemma 2.1. Fn(a, x) is not a PP when a = 0.
Proof. When a = 0, the reversed Dickson polynomials of the first kind satisfy (See
[5])
Dn(0, x) =
{
0 if n is odd,
2 (−x)k if n = 2k,
and the reversed Dickson polynomials of the second kind satisfy (See [2])
En(0, x) =
{
0 if n is odd,
(−x)k if n = 2k.
From (1.3), we have Fn(0, x) = 2En(0, x)−Dn(0, x) which implies Fn(0, x) = 0 for
all n. Hence Fn(a, x) is not a PP when a = 0.

We thus hereafter assume that a ∈ F∗q .
Lemma 2.2. For a 6= 0, Let x = y+ay−1 for some y ∈ Fq2 with y 6= 0 and y2 6= a.
Then the functional equation of Fn(a, x) is given by
Fn(a, x) =
a
2y − a(y
n − (a− y)n), where y 6= a
2
.
Proof. Note that
Dn(a, x) = y
n + (a− y)n
and
En(a, x) =
yn+1 − (a− y)n+1
2y − a
are the functional expressions of the Dickson polynomial of the first kind and
second kind, respectively. Hence the rest of the proof immediately follows from
(1.3). 
Let a ∈ F∗q . Then it follows from (1.4) that
(2.1) Fn(a, x) = a
n Fn(1,
x
a2
).
Hence Fn(a, x) is a PP on Fq if and only if Fn(1, x) is a PP on Fq.
Theorem 2.3. let p be an odd prime, n and k be positive integers. Then we have
the following.
(1) If y 6= 12 , then Fn(1, y(1− y)) =
yn − (1− y)n
2y − 1 . Also, Fn(1,
1
4 ) =
n
2n−1 .
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(2) If gcd(n, k) = 1, then Fnpk(1, x) = (Fn(1, x))
pk (1− 4x) p
k
−1
2 .
(3) If n1 ≡ n2 (mod q2−1), then Fn1(1, x0) = Fn2(1, x0) for any x0 ∈ Fq\{ 14}.
Proof. (1) Let a = 1 in Lemma 2.2, and write x = y(1 − y). Then for y 6= 12 ,
we have
Fn(1, y(1− y)) = y
n − (1− y)n
2y − 1 .
When a = 2 and x = 1, from (2.1) we have
Fn(2, 1) = 2
n Fn(1,
1
4
).
which implies
Fn(1,
1
4
) =
Fn(2, 1)
2n
.
We have Dn(2, 1) = 2 and En(2, 1) = n+ 1 (See [7]). Then it follows from
(1.3) that
Fn(2, 1) = 2En(2, 1)−Dn(2, 1) = 2(n+ 1)− 2 = 2n.
Hence
Fn(1,
1
4
) =
n
2n−1
.
(2) Let x = y(1− y) with y 6= 12 . Then we have
Fnpk(1, x) = Fnpk(1, y(1− y)) =
ynp
k − (1− y)npk
2y − 1
=
(yn − (1 − y)n)pk
2y − 1
=
(yn − (1 − y)n)pk
(2y − 1)pk (2y − 1)
pk−1
= (
yn − (1 − y)n
2y − 1 )
pk (2y − 1)pk−1
= (Fn(1, y(1− y)))p
k
(2y − 1)pk−1
= Fn(1, x)
pk (2y − 1)pk−1
= Fn(1, x)
pk (1− 4x) p
k
−1
2 .
If y = 12 , then
Fnpk(1,
1
4
) =
npk
2npk − 1 = 0 = Fn(1, x)
pk (1− 4x) p
k
−1
2 .
(3) For x0 ∈ Fq \ { 14}, there exists y0 ∈ Fq2 \ { 12} such that x0 = y0(1 − y0).
Then we have
Fn1(1, x0) =
yn10 − (1− y0)n1
2y0 − 1
=
yn20 − (1− y0)n2
2y0 − 1
= Fn2(1, x0).

REVERSED DICKSON POLYNOMIALS OF THE THIRD KIND 5
Remark 2.4. If char(Fq) = 2, then Fn(1, x) is the n-th reversed Dickson polyno-
mial of the first kind Dn(1, x) since from (1) in Theorem 2.3 we have
Fn(1, x(1− x)) = xn + (1− x)n = Dn(1, x(1− x)).
We thus hereafter always assume, unless specified, in this paper that p is odd.
Proposition 2.5. Let p be an odd prime and n be a non-negative integer. Then
F0(1, x) = 0, F1(1, x) = 1, and
Fn(1, x) = Fn−1(1, x)− xFn−2(1, x), for n ≥ 2.
Proof. It follows from Theorem 2.3 (1) that F0(1, x) = 0, F1(1, x) = 1.
Let n ≥ 2. When x 6= 14 , we write x = y(1 − y) with y 6= 12 . By Theorem 2.3
(1), we have
Fn−1(1, x)− xFn−2(1, x) = Fn−1(1, y(1− y)) − y(1− y)Fn−2(1, y(1− y))
=
yn−1 − (1 − y)n−1
2y − 1 − y(1− y)
yn−2 − (1− y)n−2
2y − 1
=
yn − (1 − y)n
2y − 1 = Fn(1, y(1− y)) = Fn(1, x).
When x = 14 ,
Fn−1(1,
1
4
)− 1
4
Fn−2(1,
1
4
) =
n− 1
2n−2
− 1
4
n− 2
2n−3
=
n
2n−1
= Fn(1,
1
4
).

Theorem 2.6. Let p be an odd prime. q = pe, e, k ∈ Z+, 1 ≤ k ≤ e. Then
Fpk(1, x) is a PP of Fq if and only if
(
pk−1
2 , q − 1
)
= 1.
Proof. Let n = 1 in Theorem 2.3 (2). Since F1(1, x) = 1, we have Fpk(1, x) =
(F1(1, x))
pk(1− 4x) p
k
−1
2 = (1 − 4x) p
k
−1
2 . Hence the proof. 
Theorem 2.7. Let p be an odd prime. q = pe, e, k ∈ Z+, 1 ≤ k ≤ e. Then
F2·pk(1, x) is a PP of Fq if and only if
(
pk−1
2 , q − 1
)
= 1.
Proof. Let n = 2 in Theorem 2.3 (2). Since F2(1, x) = 1, we have F2·pk(1, x) =
(F2(1, x))
pk(1− 4x) p
k
−1
2 = (1 − 4x) p
k
−1
2 . Hence the proof. 
Theorem 2.8. The generating function of Fn(1, x) is given by
∞∑
n=0
Fn(1, x) z
n =
z
1− z + xz2 .
Proof.
(1− z + xz2)
∞∑
n=0
Fn(1, x) z
n =
∞∑
n=0
Fn(1, x) z
n −
∞∑
n=0
Fn(1, x) z
n+1 + x
∞∑
n=0
Fn(1, x) z
n+2
= F0(1, x) + F1(1, x)z − F0(1, x)z
+
∞∑
n=0
(Fn+2(1, x)− Fn+1(1, x) + xFn(1, x)) zn+2
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Since F0(1, x) = 0, F1(1, x) = 1, and Fn+2(1, x) = Fn+1(1, x)−xFn(1, x) for n ≥ 0,
we have the desired result. 
Lemma 2.9. (See [5]) Let q = pe and Let x ∈ Fq2 . Then
x(1− x) ∈ Fq if and only if xq = x or xq = 1− x.
Also, if we define
V = {x ∈ Fq2 ; xq = 1− x},
then Fq ∩ V = { 12}.
Theorem 2.10. Let p be an odd prime. Then Fn(1, x) is a PP of Fq if and only
if the function y 7→ y
n − (1 − y)n
2y − 1 is a 2-to-1 mapping on (Fq ∪ V ) \ {
1
2} and
yn − (1− y)n
2y − 1 6=
n
2n−1
for any y ∈ (Fq ∪ V ) \ { 12}.
Proof. For necessity, assume that Fn(1, x) is a PP of Fq and y1, y2 ∈ (Fq ∪V ) \ { 12}
such that
yn1 − (1− y1)n
2y1 − 1 =
yn2 − (1− y2)n
2y2 − 1 . Then y1(1 − y1), y2(1 − y2) ∈ Fq
and Fn(1, y1(1 − y1)) = Fn(1, y2(1 − y2)). Since Fn(1, x) is a PP of Fq, we have
y1(1− y1) = y2(1− y2) which implies that y1 = y2 or 1− y2. So y 7→ y
n − (1− y)n
2y − 1
is a 2-to-1 mapping on (Fq ∪V ) \ { 12}. If y ∈ (Fq ∪V ) \ { 12}, then y(1− y) ∈ Fq and
y(1 − y) 6= 12 (1 − 12 ). Thus
yn − (1− y)n
2y − 1 = Fn(1, y(1 − y)) 6= Fn(1,
1
2
(1 − 1
2
)) =
n
2n−1
.
For sufficiency, assume x1, x2 ∈ Fq such that Fn(1, x1) = Fn(1, x2). Write x1 =
y1(1− y1) and x2 = y2(1− y2), where y1, y2 ∈ (Fq ∪ V ). Then
yn1 − (1− y1)n
2y1 − 1 = Fn(1, x1) = Fn(1, x2) =
yn2 − (1− y2)n
2y2 − 1 .
If y1 =
1
2 , then
Fn(1, x2) = Fn(1, x1) = Fn(1,
1
4
) =
n
2n−1
,
which implies that y2 =
1
2 . Hence x1 = x2.
If y1, y2 6= 12 , since y 7→
yn − (1− y)n
2y − 1 is a 2-to-1 mapping on (Fq ∪ V ) \ {
1
2}, we
have y1 = y2 or y1 = 1− y2. Hence x1 = x2.

3. Miscellaneous Results
Note that Fn(1, 0) = 1 for n ≥ 1. Also, we have the following recursion relation
for Fn(1, 1).
F0(1, 1) = 0, F1(1, 1) = 1,
Fn(1, 1) = Fn−1(1, 1)− Fn−2(1, 1), for n ≥ 2.
It follows that
F2(1, 1) = 1, F3(1, 1) = 0, F4(1, 1) = −1, F5(1, 1) = −1, F6(1, 1) = 0.
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Then we have
Fn(1, 1) =


0 , n ≡ 0, 3 (mod 6),
1 , n ≡ 1, 2 (mod 6),
−1 , n ≡ 4, 5 (mod 6).
Theorem 3.1. Assume that Fn(1, x) is a PP of Fq. If p = 2, then 3|n. If p is an
odd prime, then n 6≡ 1, 2 (mod 6).
Proof. If p = 2, since Fn(1, x) is a PP of Fq and Fn(1, 0) = 1, clearly 3|n. If p is an
odd prime, then a similar argument shows that n 6≡ 1, 2 (mod 6). 
Let p be odd. We show that the n-th reversed Dickson polynomial of the third
kind Fn(1, x) can be written explicitly. For n ≥ 0, define
fn(x) =
∑
j≥0
(
n
2j + 1
)
xj .
Proposition 3.2. Let p be an odd prime. Then in Fq[x],
Fn(1, x) =
(1
2
)n−1
fn(1 − 4x).
In particular, Fn(1, x) is a PP of Fq if and only if fn(x) is a PP of Fq.
Proof. Let x ∈ Fq. There exists y ∈ Fq2 such that x = y(1− y). If x 6= 14 , we have
Fn(1, x) =
yn − (1 − y)n
2y − 1 .
Let u = 2y − 1. Then we have
Fn(1, x) =
1
u
{(1 + u
2
)n
−
(1− u
2
)n}
=
(1
2
)n 1
u
{
(1 + u)n − (1− u)n
}
=
(1
2
)n−1 ∑
j≥0
(
n
2j + 1
)
u2j .
Then we have
Fn(1, x) =
(1
2
)n−1
fn(u
2).
Since u = 2y − 1, u2 = 1− 4y(y − 1).
Fn(1, x) =
(1
2
)n−1
fn(1− 4y(y − 1))
=
(1
2
)n−1
fn(1− 4x).
If x = 14 , since fn(0) = n, we have
Fn(1, x) =
n
2n−1
=
(1
2
)n−1
fn(0) =
(1
2
)n−1
fn(1− 4x).
Clearly, Fn(1, x) is a PP of Fq if and only if fn(x) is PP of Fq. 
Theorem 3.3. Let p be an odd prime, q a power of p, and n be a nonnegative
even integer with p ∤ n. If Fn(1, x) is a PP of Fq, then n ≡ 0 (mod 4) and
(⌊n−12 ⌋, q − 1) = 1.
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Proof. Assume that Fn(1, x) is a PP of Fq. Then by Proposition 3.2, fn(x) is PP
of Fq.
Let x0 ∈ Fq such that fn(x0) = 0. fn(0) = n 6= 0. Since fn is a PP of Fq, x0 6= 0.
fn(x0) =
∑
j≥0
(
n
2j + 1
)
xj0
fn(x
−1
0 ) =
∑
j≥0
(
n
2j + 1
)
x−j0
It is easy to see that
fn(x0) = x
⌊n−1
2
⌋
0 fn(x
−1
0 ).
So fn is a self-reciprocal. Since fn(x0) = 0 and x
⌊n−1
2
⌋
0 6= 0, fn(x−10 ) = 0. Since fn
is a PP of Fq, x0 = x
−1
0 , i.e. x0 = ±1.
fn(1) =
∑
j≥0
(
n
2j + 1
)
= 2n−1 6= 0.
Therefore, x0 = −1.
0 = fn(−1)
=
∑
j≥0
(
n
2j + 1
)
(−1)j
=
∑
j≡1 (mod 4)
(
n
j
)
−
∑
j≡3 (mod 4)
(
n
j
)
=
1
4
[
2n+1 + i−1(1 + i)n − i−1(1 − i)n
]
− 1
4
[
2n+1 − i−1(1 + i)n + i−1(1− i)n
]
(by [4, Eq. 5.5])
=
1
2i
[
(1 + i)n − (1− i)n
]
=
i
2
[
(1− i)n − (1 + i)n
]
=
i
2
[
(
√
2 e−
pi
4
i)n − (
√
2 e
pi
4
i)n
]
= 2
n
2
−1 i
[
e−
npi
4
i − enpi4 i
]
.
We have
[
e−
npi
4
i − enpi4 i
]
= 0. It follows that n ≡ 0 (mod 4).
Let (⌊n−12 ⌋, q − 1) = d > 1. Let ǫ ∈ F∗q such that o(ǫ) = d. Then
fn(ǫ) = ǫ
⌊n−1
2
⌋fn(ǫ
−1).
fn(ǫ) = fn(ǫ
−1).
But ǫ 6= ǫ−1. This contradicts the fact that fn is a PP of Fq. Hence (⌊n−12 ⌋, q−1) =
1. 
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Lemma 3.4. (See [3]) Let ǫ 6= 0, 1 in some extension of Fq (q odd) and let y =
ǫ+ 1
ǫ− 1 . Then y
2 ∈ Fq if and only if ǫq+1 = 1 or ǫq−1 = 1.
Theorem 3.5. Let p > 3 be an odd prime and n ≥ 0 be an integer with 3|n. If
Fn(1, x) is a PP of Fq, then (n, q
2 − 1) = 3.
Proof. Since p > 3, we have q ≡ 1 or −1 (mod 3). Since 3|n, we have 3|(n, q2−1).
We show that (n, q2 − 1) ≤ 3. Assume to the contrary that (n, q2 − 1) > 3. Let
E = {ǫ ∈ F∗q2 : ǫ 6= 1, ǫ(n,q+1) = 1 or ǫ(n,q−1) = 1}.
|E| = |{ǫ ∈ F∗q2 : ǫ 6= 1, ǫ(n,q+1) = 1}|+ |{ǫ ∈ F∗q2 : ǫ 6= 1, ǫ(n,q−1) = 1}|
− |{ǫ ∈ F∗q2 : ǫ 6= 1, ǫ(n,q−1,q+1) = 1}|
= ((n, q + 1)− 1) + ((n, q − 1)− 1)− 0
= (n, q + 1) + (n, q − 1)− 2.
Since (n, q + 1)(n, q − 1) = (n, q2 − 1) ≥ 6, we have |E| ≥4. Let ǫ1, ǫ2, ǫ3 ∈ E be
distinct and let yi =
ǫi−1
ǫi+1
, i = 1, 2, 3. By Lemma 3.4, yi ∈ Fq. Since ǫi = 1+yi1−yi , we
have
(
1+yi
1−yi
)n
= 1, i.e. (1 + yi)
n = (1− yi)n, i.e.
fn(y
2
i ) =
1
2yi
{(1 + yi)n − (1− yi)n} = 0.
Since ǫ1, ǫ2, and ǫ3 are distinct, y1, y2, and y3 are distinct. This contradicts the
fact that fn is a PP of Fq.

4. Computation of
∑
a∈Fq
Fn(1, a).
We compute the sum
∑
a∈Fq
Fn(1, a) in this section. The result provides a nec-
essary condition for Fn(1, x) to be a PP of Fq. By Theorem 2.8, we have
∞∑
n=0
Fn(1, x) z
n =
z
1− z + xz2
=
z
1− z
1
1− ( z2
z−1 )x
=
z
1− z
∑
k≥0
( z2
z − 1
)k
xk
=
z
1− z
[
1 +
q−1∑
k=1
∑
l≥0
( z2
z − 1
)k+l(q−1)
xk+l(q−1)
]
≡ z
1− z
[
1 +
q−1∑
k=1
∑
l≥0
( z2
z − 1
)k+l(q−1)
xk
]
(mod xq − x)
=
z
1− z
[
1 +
q−1∑
k=1
( z
2
z−1 )
k
1− ( z2
z−1 )
q−1
xk
]
=
z
1− z
[
1 +
q−1∑
k=1
(z − 1)q−1−k z2k
(z − 1)q−1 − z2(q−1) x
k
]
(4.1)
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Since Fn1(1, x) = Fn2(1, x) for any x ∈ Fq \ { 14} when n1, n2 > 0 and n1 ≡ n2
(mod q2 − 1), we have the following for all x ∈ Fq \ { 14}.∑
n≥0
Fn z
n =
∑
n≥1
Fn z
n
=
q2−1∑
n=1
∑
l≥0
Fn+l(q2−1) z
n+l(q2−1)
=
q2−1∑
n=1
Fn
∑
l≥0
zn+l(q
2−1)
=
1
1− zq2−1
q2−1∑
n=1
Fn z
n
(4.2)
Combining (4.1) and (4.2) gives
1
1− zq2−1
q2−1∑
n=1
Fn z
n =
z
1− z
[
1 +
q−1∑
k=1
(z − 1)q−1−k z2k
(z − 1)q−1 − z2(q−1) x
k
]
, for all x ∈ Fq \ { 14},
i.e.
q2−1∑
n=1
Fn z
n =
z (zq
2−1 − 1)
z − 1 + h(z)
q−1∑
k=1
(z − 1)q−1−k z2k xk, for all x ∈ Fq \ { 14},
where
h(z) =
z (zq
2−1 − 1)
(z − 1) [(z − 1)q−1 − z2(q−1)] .
Note that
h(z) =
z (zq
2−1 − 1)
(z − 1)q − z2(q−1)(z − 1)
=
z (zq
2−1 − 1)
(1− zq−1) (zq − zq−1 − 1)
=
z (zq
2 − z)
(z − zq) (zq − zq−1 − 1)
=
z (−1− (z − zq)q−1)
zq − zq−1 − 1
Let
q2−q+1∑
k=1
bkz
k = z (−1− (z − zq)q−1).
Write k = α+ βq where 0 ≤ α, β ≤ q − 1. Then we have the following.
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bk =


(−1)β+1 (q−1
β
)
if α+ β = q,
−1 if α+ β = 1,
0 otherwise.
A computation similar to (4.4) in [2] yields
q2−1∑
n=1
( ∑
a∈Fq
Fn(1, a)
)
zn
=
q2−1∑
n=1
Fn(1,
1
4
) zn − z(1− z
q2−1)
1− z − h(z) z
2(q−1) − h(z)
q−1∑
j=1
(z − 1)q−1−j z2j
(1
4
)j
,
which implies
q2−1∑
n=1
( ∑
a∈Fq
Fn(1, a)
)
zn
=
q2−1∑
n=1
n
2n−1
zn − z(1− z
q2−1)
1− z − h(z) z
2(q−1) − h(z)
q−1∑
j=1
(z − 1)q−1−j z2j
(1
4
)j
,
(4.3)
where
h(z) =
1
zq − zq−1 − 1
q2−q+1∑
k=1
bkz
k.
For all integers 1 ≤ n ≤ q2 − 1, define
fn :=
∑
a∈Fq
Fn(1, a).
Then from (4.3), we have
(zq − zq−1 − 1)
q2−1∑
n=1
(
fn − n
2n−1
)
zn
= (1 + zq−1 − zq)
q2−1∑
k=1
zk −
(
z2(q−1) +
q−1∑
j=1
(z − 1)q−1−j z2j
(1
4
)j)( q2−q+1∑
k=1
bkz
k
)
.
(4.4)
Let dn = fn − n
2n−1
and the right hand side of (4.4) be
q2+q−1∑
k=1
ckz
k.
Then we have
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(4.5) (zq − zq−1 − 1)
q2−1∑
n=1
dnz
n =
q2+q−1∑
k=1
ckz
k.
Proposition 4.1. (See [2]) By comparing the coefficient of zi on both sides of
(4.5), we have the following.
dj = −cj if 1 ≤ j ≤ q − 1;
dq = c1 − cq;
dlq+j = d(l−1)q+j − d(l−1)q+j+1 − clq+j if 1 ≤ l ≤ q − 2 and 1 ≤ j ≤ q − 1;
dlq = d(l−1)q − d(l−1)q+1 − clq if 2 ≤ l ≤ q − 2;
dq2−q+j =
q−1∑
i=j
cq2+i if 0 ≤ j ≤ q − 1.
The following theorem is an immediate consequence of Proposition 4.1 and the
fact that dn :=
∑
a∈Fq
Fn(1, a)− n
2n−1
.
Theorem 4.2. Let ck be defined as in (4.5) for 1 ≤ k ≤ q2 + q − 1. Then we have
the following.
∑
a∈Fq
Fj(1, a) = −cj + j
2j−1
if 1 ≤ j ≤ q − 1;
∑
a∈Fq
Fq(1, a) = c1 − cq;
∑
a∈Fq
Flq+j =
∑
a∈Fq
F(l−1)q+j −
∑
a∈Fq
F(l−1)q+j+1 − clq+j +
2q(1− j) + 2j
2lq+j
if 1 ≤ l ≤
q − 2 and 1 ≤ j ≤ q − 1;
∑
a∈Fq
Flq =
∑
a∈Fq
F(l−1)q −
∑
a∈Fq
F(l−1)q+1 − clq +
1
2(l−1)q
if 2 ≤ l ≤ q − 2;
∑
a∈Fq
Fq2−q+j =
q−1∑
i=j
cq2+i +
j
2q2−q+j−1
if 0 ≤ j ≤ q − 1.
5. Acknowledgements
The author would like to thank G. C. Greubel for pointing out an important
connetion of the reversed Dickson polynomials of the third kind to Jacobsthal poly-
nomials and integer sequences. He pointed out the following.
(1) Proposition 2.5 is related to the Jacobsthal polynomials by Fn(1, x) =
Jn(−x/2).
(2) The generating function presented in Theorem 2.8 is another indicator to
the connection to Jacobsthal polynomials.
(3) The third indicator is the reduction presented near the end of Theorem
2.10, namely, Fn(1,
1
4 ) =
n
2n−1
.
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(4) The number set {0, 1, 1, 0,−1,−1, 0, 1, 1, ..} presented in miscellaneous re-
sults, directly before Theorem 3.1, is given as sequence A010892 in the
On-line Encyclopedia of Integer Sequences. The starting point of this se-
quence mentioned is offset by one index. An alternate sequence is A128834.
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